We investigate the dispersion topology of elastic lattices characterized by spatial stiffness modulation. The modulation is defined by the sampling of a two-dimensional surface, which provides the lattices with topological properties that are usually attributed to two-dimensional crystals. We show that the cyclic variation of the phase of the stiffness modulation leads to a Berry phase accumulation for the Bloch eigenmodes, which is characterized by integer valued Chern numbers for the bands and associated gap labels. The resulting non-trivial gaps are spanned by edge modes localized at one of the boundaries of the considered 1D lattices. The edge mode location is governed by the phase of the stiffness distribution, whose spatial modulation drives these modes to transition from one edge to the other, through a bulk state that occurs when the corresponding dispersion branch touches the bulk bands. This property enables the implementation of a topological pump that is obtained by stacking and coupling a family of modulated 1D lattices along a second spatial dimension. The gradual variation of the stiffness phase modulation drives the adiabatic transition of the edge states, which transition from their localized state at one boundary, to a bulk mode and, finally, to another localized state at the opposite boundary. Similar effects were illustrated under the assumption of quasiperiodic modulation of the lattice interactions. We here demonstrate that a topological pump can be achieved also in periodic media, and illustrate this for the first time in elastic discrete lattices.
I. INTRODUCTION
The investigation of topologically protected modes is an area of significant interest for elastic [1] , acoustic [2, 3] , electromagnetic [4] and quantum [5] systems. Quantum Hall effect [6] analogues have recently received significant interest as part of the search for backscatteringfree and defect-immune energy transport along boundaries or surfaces. The resulting robust dynamic properties and corresponding topological protection ensure that bulk bandgaps support wave modes that are localized and propagate along boundaries or interfaces. Two broad strategies have been pursued for the implementation of such topologically protected waves in classical systems. The first strategy encompasses implementations of quantum Hall effect (QHE) analogues that typically involve active elements that break time-reversal symmetry.
Examples include rotating gyroscopes [7, 8] and active fluids [9] arranged in either regular or irregular [10] lattice networks. The second strategy involves emulating the quantum spin Hall effect (QSHE), with notable examples including coupled pendulums [11] , rotating disks [12] and elastic media [1, 13, 14] . Configurations belonging to the first category feature chiral edge states that propagate in one direction only. In contrast, QSHE analogues are characterized by helical edge modes of different polarization that travel in opposite directions, and that have the distinct advantage of achieving defect-immune energy transport using solely passive components. While initial QSHE analogues were obtained through rather intricate designs driven by the stringent requirements imposed by the desired topology of the dispersion branches, recent studies have exploited valley degrees of freedom [15] and dispersion branch doubling [3] to considerably simplify the configurations. Examples include plates with stubs in hexagonal lattice arrangements [16] and reconfigurable phononic elastic lattices that employ tunable prestrain to break spatial inversion symmetry [17] . Of note is the recent contribution by Barlas and Prodan [18] who have developed a set of transformations which produce mechanical analogues of any corresponding quantum Hamiltonian.
A recently explored approach involves accessing higher dimensional topological effects in lower dimensional physical systems [19, 20] . Notably, Zilberberg and coworkers achieved pumping of electromagnetic waves from one end to the other of quasi-periodic arrays of coupled waveguides [21, 22] . Prodan and coworkers have demonstrated the presence of localized modes in a chain of mechanical spinners arranged in patterns obtained by following projection rules from selected manifolds [23] . A debate regarding the specific role of quasi-periodicity and incommensurability for achieving such topological effects has recently ensued [24, 25] . We here investigate the topological properties of discrete 1D elastic lattices, where stiffnesses are periodically modulated in space by selecting their values through the sampling of a 2D surface. This leads to non-trivial topological properties associated with the higher dimensional super-space, which manifest themselves as localized modes at the boundaries of the 1D lattices. These modes occur in lattices obtained from periodic and quasi-periodic projections alike of the considered 2D surface. We also illustrate that a cyclic variation of the phase of the stiffness modulation leads to a Berry phase accumulation in the Bloch eigenvectors, which is quantified by integer valued Chern numbers, and is therefore related to the existence of robust topological modes [26] . Bandgaps characterized by nontrivial labels are spanned by modes that are localized at either one of the two boundaries of the 1D lattice, depending on the phase of the stiffness modulation. When topologically protected modes touch the bulk bands, they transform from left-localized to right-localized, or viceversa. This property is employed to implement a topological pump, which is obtained by stacking the 1D lattices along a second direction along which the phase of the stiffness modulation is gradually varied. This causes the edge wave to adiabatically evolve from a localized state at one boundary, to a bulk wave, and finally to another localized state at the opposite boundary. While a similar adiabatic pump was demonstrated in quasiperiodic photonic media [21] , here we show the same behavior for a periodic elastic system, and note that quasi-periodicity is not a strict requirement. Similar conclusions have been drawn for a family of trimer lattices, obtained from mapping onto the commensurate off-diagonal AubryAndré-Haper model [27] , for which it is shown that the chiral edge modes have a topological origin inherited from this effective mapping [28] . 
II. BACKGROUND: 1D LATTICE WITH PERIODIC STIFFNESS MODULA-TION
We consider a spring-mass chain composed of equal masses m (Fig. 1a ) and spring constants k n defined by an expression inspired by the Aubry-André model for quasi-crystals [21] :
Here α < 1, the ratio p/q and φ respectively define amplitude, frequency and phase of the stiffness modulation. We consider the integers p and q to be co-prime such that p/q is always an irreducible fraction. This enforces the spatial periodicity of the chain, which consists of irreducible unit cells of q masses, i.e. k n+q = k n (Fig. 1b) . The stiffness modulation is the result of the sampling of a 2D surface S(x, φ) = cos (2πτ x + φ) at discrete values x n = n, with the interatomic distance conveniently set equal to 1 ( Fig. 2(a) ). The lattice is thus the result of the sampling and projection in 1D of a higher dimensional space, here a 2D lattice.
As such, the lattice retains the topological properties the 2D lattice that result from specific 
A. Dispersion analysis and topology of the bulk bands
The effect of the stiffness shifts on the lattice band structure and its topology are investigated next. The equation governing plane wave propagation at frequency ω may be written with reference to mass n as
Imposing Bloch periodicity conditions u n+q = e iµ u n , yields an eigenvalue problem in the form:
where K(µ) is a stiffness matrix and Ω = ω/ω 0 is the non-dimensional frequency (ω 0 = k 0 /m). Solution for wavenumber µ ∈ [0, π] leads to eigenvalues that define the band structure of the lattice, along with the associated eigenvectors, or Bloch modes, u = (u 1 , u 2 , ..., u q ) T . The dispersion curves for the representative case of a chain with p/q = 1/5
and α = 0.6 are shown in Fig. 3(a) , where results for φ k = 0 (solid lines) and φ k = 2/5π (circles) are superimposed. As expected, the band structure includes q bands and q − 1 bandgaps [29] . The dispersion branches and the eigenvalue they represent are unaffected by the phase in stiffness modulation. However, the phase shift manifests itself in a phase accumulation in the Bloch modes. Figures to the real axis through proper normalization, and subsequently apply it to the eigenvectors corresponding to the considered phase increments.
As Fig. 2 illustrates, a change in φ k → φ k+1 produces a stiffness shift obtained by imposing
, where s must obey the algebraic congruence relation:
Since p and q are coprime, Eqn. 4 identifies two solutions in the range |s| < q [30] , which As suggested by Fig. 3 , these shifts are reflected in the eigenvectors, or wave modes, of the lattice, whose components not only undergo a permutation of indexes according to s defined above, but also accumulate a phase. In fact, by direct substitution of the stiffness values k n (φ + 2π/q) = k n+s (φ) in the Bloch eigenproblem it can be shown that the eigenvector u(φ + 2π/q) is related to u(φ) as:
where s is the positive root of Eqn. (4) in the range |s| < q. Hence, the components are shifted by s units while the first s components accumulate a phase of e iµ as they are shifted to the tail of the eigenvector. It is easy to see that u can be multiplied by e −iµ leading to:
where the last q − s components accumulate a phase of e −iµ as they are shifted to the beginning of the eigenvector. In both cases, variation of φ ∈ [0, 2π] in q steps of 2π/q leads to u(µ, φ + 2π) = e isµ u(µ, φ).
where the total accumulated phase is given by the factor e isµ .
The lattices considered herein can be considered as part of a family which is the result of the variation of the parameter φ. In this context, the adiabatic cyclical evolution of this parameter leads to the accumulation of a Berry phase [31] , here equal to sµ. This phase is an observable topological invariant which is indicative of the nontrivial topology of the reciprocal space for the lattice family formed from the underlying 2D surface S(x, φ). This invariant can be quantified by the Chern number associated to a given dispersion band [6, 26] , which is given by
where D is the base manifold, here T 2 , ∇ = (∂/∂µ)e µ + (∂/∂φ)e φ and A = u * · ∇u, with () * denoting a complex conjugate. Applying Stoke's theorem to Eqn. (8) yields,
Here n is the outward normal from D at a point on the boundary ∂D. If A were single valued, then the above integral is zero, since a torus has no boundary. However, since A has multiple values at φ = 0 and 2π, we consider a cut in the torus leading to a cylinder of finite height 2π along φ. Now A is single valued in the cylinder and the above integral reduces to evaluating A along the two boundaries, φ = 0 and φ = 2π and for µ ∈ [0, 2π]. This gives:
with A µ = u * · (∂u/∂µ). Taking the derivative with respect to µ of Eqn. (7) and its complex conjugate (i.e., u * (φ = 2π) = e −isµ u * (φ = 0)), a direct calculation shows that
Hence the Chern number results equal to C = s. As mentioned before, there are two solutions to the congruence equation for s (Eqn. (4)), corresponding to the two possible stiffness shifts along the lattice. For each band there are two possible values for the Chern number, which is here computed numerically according to the procedure described in [32] . For the lattice with p/q = 1/3, this numerical computation gives C = 1 for the first and third band, and C = −2 for the second band (Fig. 4(a) ). From the computed
Chern numbers for the individual branches, one can then evaluate and assign labels to each gap, which are defined as the sum of the Chern numbers of all the bands below it [33] . The gap label for gap r, here denoted as C (r) g is therefore given by:
The band structure with the corresponding Chern numbers and gap labels for the p/q = 1/3 lattice is shown in Fig. 4(a) , where C
(1) for the second band. The Chern number for the gaps are therefore evaluated as C
g = −2 and C (4) g = −1 ( Fig. 5(a) ), where the gaps are ordered based on increasing frequencies. We note that the gap labels predict the number and nature of the cycles completed by the modes spanning each gap. For example, the mode in the third gap with label C
g = −2 complete two cycles as it spans the gap for φ ∈ [0, 2π], as shown in the eigenmode plot of Fig. 5(b) . The mode changes from left-localized to right-localized when it touches the bulk band below the gap with increasing φ, as predicted by the negative sign of its Chern number.
III. TOPOLOGICAL PUMPING IN 2D LATTICES
We exploit the topologically protected modes and their transition for varying φ to realize a topological pump. A similar effect was demonstrated for quasi-periodic photonic media in [21] , and requires the coupling of multiple 1D lattices characterized by smoothly varying φ along a second dimension. Here, we realize the pumping by stacking the spring-mass chains investigated in the previous section along a second spatial dimension to form a 2D lattice ( Fig. 6(a) ). In this configuration, the single degree of freedom for each mass now describes its out-of-plane motion, with the springs providing restoring forces that are proportional to the relative transverse motion of neighboring masses. i.e. k n+q = k n . These chains are coupled along the y direction by springs of equal stiffness k c , denoted by the gray lines in Fig. 6(a) . As a result, the modes of the finite 1D lattices can acquire a propagating component along the y direction. Specifically, the topological modes that are localized at one of the boundaries of the 1D chains are transformed into topological wave modes that propagate along y, while first being confined to one of the boundaries (left or right in x) of the 2D lattice. A topological pump can thus be achieved by gradually, or adiabatically, varying φ along y, that is, by stacking chains with different values of φ along y.
A. Dispersion analysis of the finite strip
We investigate the dispersion properties of the finite strip comprised of N masses aligned in x (Fig. 6(b) ) for assigned φ. We focus on plane wave propagation along y by enforcing Bloch conditions u n,m+1 = e iµy u n,m and u n,m−1 = e −iµy u n,m , where n and m denote the position of the mass along x and y respectively and µ y is the normalized wavenumber of waves traveling along y. The governing equation for mass n, m can be written as:
where the subscript m for the position of the mass along y is dropped for simplicity. Assembly of the N equations for all masses along x yields the eigenvalue problem:
where u = {u 1 , u 2 , ..., u N } T , K is the N × N stiffness matrix, Ω = ω/ω 0 is the previously defined non-dimensional frequency, while γ c = k c /k 0 . Note that K only depends on the sequence of horizontal stiffnesses k n . Thus the eigenvalue problem in Eqn. (13) left-localized to right-localized occurs at φ = 2π. This mode and its transition is employed next to realize the pump described in the next section.
B. Forced response and topological pumping
The topological pump consists in waves undergoing a left-to-right edge transition through the excitation of edge modes and the modulation of the stiffness constants along the propagation direction. To this end, we consider a 2D lattice of M coupled 1D chains, each characterized by specified values of the stiffness phase modulation φ. The topological pump is sought to be produced by gradually, or adiabatically, modulating φ along y which causes a mode initially localized at one of the boundaries to evolve its x polarization as it travels along y. This is expected to occur under the assumptions stated by the adiabatic theorem, which essentially implies that the stiffness is modulated gradually enough to allow the wave modes to adapt to the local properties of the lattice [31] . This process is akin to the adiabatic evolution of an eigenstate in quantum mechanics, where here the propagation direction y takes the role of time according to a similar effect previously demonstrated in photonic quasicrystals [21] .
The pumping process begins by exciting a selected topological mode of the system, which is done by imposing frequency and a polarization in x. Specifically, a left-localized mode polarization identifies the second gap topological mode, while the choice of Ω defines the associated wavenumber µ y and corresponding group velocity components along y. As the resulting waves propagate along y, their polarization along x adapts to the mode shape of the topological mode at the local value of φ(y). This is enabled by the slow variation of the modulation: a high rate of change of φ with y would in contrast prevent the distribution of displacements along x from changing significantly over a short distance in y, and would cause conversion to other wave modes with branches at the considered frequency. Hence, waves traveling faster along y require lower rates of change of φ(y) to allow for the desired adiabatic evolution.
We demonstrate this concept by computing the transient response of a finite 2D lattice excited by band limited sinusoidal pulses at selected frequencies. The 2D lattice is formed by stacking M = 150 chains along y of the kind considered before (p/q = 1/3, α = 0.6, N = 15 masses, and γ c = 0.5). The choice of γ c between the two cases considered in Fig. 7 is motivated by the lower group velocity along y that can be inferred from the slope of the dispersion branch of the topological modes. Accordingly, the distance required for the transition is expected to be shorter. Also, we target the localized mode in the second gap, The simulation results are summarized in Fig. 10 . The transient response of the lattice was simulated for both excitation frequencies (Ω = 1.7 and Ω = 1.95) and for both φ constant and φ varying linearly along the middle portion of the y dimension ( Fig. 10.(a,d) ).
The top figures (b,c) correspond to the case of φ kept constant at φ = 1.75π ( Fig. 10(a) ), while the bottom figures (e,f) are obtained for φ varying linearly from 1.75π to 2.25π in the range y ∈ [11, 140] . The onset of the desired mode is facilitated by keeping φ constant for the beginning and concluding portions of the lattice (10 chains) as illustrated in Fig. 10(d) .
The colormaps shown in figures (b,e) (middle) show the L 2 norm in time ||u|| 2 (x, y) of the response for excitation at Ω = 1.7 while figures (c,f) (right) correspond to Ω = 1.95. We observe that for constant φ (Figs. 10(b,c) ) the waves travel along y while remaining confined to the left boundary due to the excitation of the left-localized edge mode. In contrast, pumping occurs when φ varies smoothly along y (Figs. 10(e,f) ) causing the transition from left-localized to right-localized wave propagation due to the adiabatic evolution of the edge wave.
IV. CONCLUSIONS
The topological properties of 1D lattices with periodic stiffness modulation are investi- The analysis illustrates a mechanism for robust transfer of energy between two boundaries of a system employing elastic waves, which extends the abundant recent studies focusing on guiding of waves along interfaces separating two material phases of distinct topologies. The results provide guidelines for future designs of structural components or acoustic waveguides whose functionalities include the ability to selectively guide waves along desired paths, and to localize perturbation in predefined regions of the domains. 
